It is explicitly shown using a Mathematica package that non-trivial complex zeroes of the Riemann zeta function may exist which do not lie in the critical line: Re s = 1/2. The generation of the location of these plausible zeroes, that may violate the Riemann conjecture, is based on the study of fractal strings/branes moving in a Cantorian-Fractal spacetime. Since this result was very strange we did a search for any possible bugs in the package. We found that the package yields spurious zeroes without any warning when the variables are evaluated up to 16 decimal places. However when calculations are performed up to 40 decimal places there is a huge discrepancy. Therefore it is warranted that true analytical calculations be performed to verify without any doubts whether these zeroes are spurious or not.
Introduction
Riemman' s oustanding conjecture that the non-trivial complex zeroes of the zeta function ζ(s) = must be of the form s = 1/2 ± iν; ν > 0, remains one of the most outstanding open problems in pure Mathematics. Starting from an heuristic study of the Index theorem associated with the dynamics of fractal p-branes living in Cantorian-Fractal Spacetime E (∞) [1] we present explicit numerical evidence, up to 16 decimal places, for the plausible existence of non-critical complex zeroes of the Riemman zeta function, which do not lie in the critical vertical line s = 1 2 ± iν; ν > 0. This numerical evidence suggests that the Riemann conjecture may be false. It remains to search for an analytical proof that these zeroes obtained from a Mathematica package are not spurious due to all sorts of unknown circumstances to us and that were beyond our human control.
Since this result was very strange we did a search for any possible bugs in the package. We found that the package yields spurious zeroes without any warning when the variables are evaluated up to 16 decimal places. However when calculations are performed up to 40 decimal places there is a huge discrepancy. Therefore it is warranted that true analytical calculation be performed to verify without any doubts whether these zeroes are spurious or not.
We will be very brief in the introduction leaving all the details for later and proceed to provide the explicit tables listing the location of these plausible zeroes of ζ(s) outside the critical Riemann line. The construction of CantorianFractal Spacetime [1] , E (∞) contains an infinite number of sets, E (i) where the index i ranges from −∞, +∞. Such index labels the topological dimension of the smooth space into which the fractal set is packed densely. For example, the sand on the beach looks two-dimensional on the surface. This is due to a coarse-grain averaging/smoothing of the underlying 3D-grains which comprise it. In a similar vein the Haussdorf dimensions of the fractal sets packed densily inside the smooth manifold of integer dimension can be larger than the actual topological dimension of the space into which is being packed.
The best representative of this is the random back-bone Cantor set, E (0) , a fractal dust which is packed densely into a set of topological dimension zero (a point), and whose Haussdorf dimension equals to the Golden-Mean φ > 0, with probability one, according to the Mauldin-Williams theorem [2] . We set the Golden Mean to be
618.... Notice that our conventions differ from those by Connes in his book [3] . He chooses for φ = ( √ 5 + 1)/2. We hope this will not cause confusion.
The negative values of the topological dimensions signify the degree of "emptiness" or voids inside E (∞) . The simplest analog of this is Dirac's theory of holes to explain the negative energy solutions to his equations (positrons/antimatter). Negative Entropies and Negative dimensions [5] were of crucial importance to have a rigorous derivation of why the average dimension of the world (today) is very close to: 4 + φ 3 = 4.236.... Negative probabilities and the Noncommutative properties of E (∞) were essential to explain the wave-particle duality of an indivisible quantum particle traversing the Young's double-slit [5] . The Noncommutative Geometry of the von Neumann's type associated with Cantorian-Fractal spacetime E (∞) is the appropriate geometry to formulate the New Relativity Theory [6] that has derived the String Uncertainty Relations, and the p-branes generalizations, from first fundamental principles [7] . Moreover, such New Scale Relativity, an extension of Nottale's original Scale Relativity [8] , is devoid of EPR paradoxes [9] and it explains the origins of the holographic principle [10] .
In the first part of section 2 we shall briefly discuss the basic features of Cantorian-Fractal spacetime and heuristically postulate the xistence of Trace formula linked to the Index of a fractal/discrete derivative operator. In the second part of section 2 we present the locations of the plausible non-trivial complex zeroes which do not lie in the critical Riemann strip: Re s = 1/2. In section 3 we present the tables with the values of these possible zeroes.
Quantum Chaos and Index Theory in E
(∞) . .
Our motivation was sparked originally by the Qunatum counterpart of the classical chaos linked to the "billiard ball" moving on Hyperbolic surfaces (constant negative curvature). As is well known to the experts the Selberg trace formula is essential to count the primitive periodic orbits. The spectrum of (minus) Laplace-Beltrami opearor on such Hyperbolic surfaces is linked to the zeroes of the Selberg Zeta function. Knowing the Energy Eigenstates of the Schrödinger equation allows to locate the location of the nontrivial zeroes of the Selberg Zeta function. They also have the form of s = 1/2 ± ip n where E n = p 2 n + 1/4. One of the most important features of the fractal/discrete operator is that it has negative index as we shall intend to show. This is just a result of the negative dimensions/holes/voids of E (∞) . These voids behave like absorption lines in the spectra of the Hamiltonian associated with the operator D f ractal . Connes already gave a detailed analyis of the necessity for the trace to be negative (absorption lines) to account for the zeroes of the zeta function [11] .
Therefore, using Fractal Derivatives and/or Discrete Derivatives like they occur in Quantum-groups, q-Calculus, and in p-Adic QM, and studying the spectrum of fractal strings/branes in E ∞ spacetimes one may try to use the analog of the celebrated Riemann-Roch theorem:
where the space E (s) (where the Index is evaluated on) is some suitable intersection of a collection of Sets, or cycles of E (∞) :
whose dimension is:
and whose Euler number is given by the usual formulae (altertaning sums of Betti numbers):
Equation (4) is the explicit expression of the Euler number as a function of the number of holes (genus of the fractal string). Notice that in the asymptotic limit the alternating series converges exactly to: Euler(E (∞) ) = −φ < 0 ! which is a clear indication that Cantorian-Fractal spacetime is left-handed. This asymmetry between right/left chirality is also very natural in Penrose's Twistor Theory.
Higher dimensional (than one) sets: dim = (1 + φ) k correspond to Fractal p-branes, are those corresponding to the values of p = (1 + φ) k > 1. The sets of negative topological dimension play the roles of holes/voids: they play the role of the higher genus surfaces in Cantorian-Fractal Spacetime. The backbone set E 0 will play the role of the fractal boundary associated with the fractal string which is represented by an open subset of the normal set E 1 whose dimension is equal to 1. Such set is the fractal string which has for fractal boundary the back bone set E 0 and whose holes or higher genus "Riemannian surfaces" are nothing but the rest of the sets of negative topological dimensions.
In (super) strings, the multi-loop scattering amplitudes depend crucially on the suitable integrals over the (super) moduli space of the higher-genus surfaces. The Selberg zeta function plays an essential role in providing proper counting of the number of the primitive closed geodesics that tasselate the Hyperbolic space, providing with a single cover of the (super) moduli space. This occurs for genus higher than 1 (the torus).
The parameter k which defines the lower bound of the alternating sum for the Euler number is nothing but the genus of the world-sheet associated with this fractal "string" "living" in E ∞ . A p-brane spans a p + 1 world volume generated by its motion in time which accounts for the extra dimension: a string spans a 2-dim world-sheet ; a membrane a 3-volume and so forth. We are assuming the flow of time is smooth, not fractal, this is why we write p + 1. All this is naturally related to the Statistical properties of Random Matrix Models in lower dimensions in the large N limit; Irrational Conformal Field Theories: irrational values of the central charges; the Monster Group, etc...
From an elementary numerical calculation of equation (4), we can see that the Euler number of the multiple cycle-intersection E (s) , as a function of the powers of φ k (the genus) oscillates about the Golden Mean. It is well known that the distribution of primes oscillates abruptly like the spectral-staircase levels in Quantum Chaos.
In the limit of infinite-genus, the Euler number, the alternating oscillatory sum will converge to the Golden Mean with a negative sign, consistent with the nature of the absorption lines linked to the holes/voids/genus of the world sheet of the fractal string. As remarked earlier, Connes emphasized the importance that a negative value of the Index Theorem in Noncommutative Geometry must have to understand the location of the zeroes of zeta function as absorption spectral lines.
To sum up what has been said so far: Using f ractal/discrete derivatives which are the more appropriate ones for E (∞) we make contact with the "Riemann zeta" function associated with such Cantorian-Fractal spacetime. As said previously, Discrete derivatives are very natural in the q-Calculus used in Quantum Groups (Jackson's calculus) and there is a deep relation between p-Adic Quantum mechanics and Quantum groups as well.
The initial reasons why we believe a Trace formula may be valid in CantorianFractal spacetime besides the finding of the location of the nontrivial complex zeroes outside the critical line Re s = 1/2. is the following argument, despite the fact that we don't get a perfect matching of numbers. But they are close.
Looking at equation (4) 
The Euler number can be rewritten as:
The dimension of the intersection of these three sets, intersection of three cycles is:
Now evaluate the "index" for this particular case:
Notice how close our answer was: −0.790068 ∼ −0.763932. Although not a perfect match, this is a good sign that we are on the right track. Looking down, one can see that the numbers do not differ much.
The "Trace" in Noncommutative Geometry as Connes has emphasized many times:
f ractal ↔ volume of the space that has dimension = s.
One must be very careful not to confuse the label "s ′′ with the label "(s) ′′ !!! There are not the same. Only in the special case E (3) .
To justify further this proposal, For example: Lets take now a look at the quadruple intersection (for real dimensions):
The Quadruple intersection of four cycles:
So evaluating the Euler number from the alternating sum/Betti numbers from k = -2,-1, 0, 1:
Notice once again that the numbers are not so far off −0.55451 ∼ −0.527864 ! If one looks at the asymptotic infinite genus limit, when the number of intersections of the sets of negative dimensions goes to infinity, the Euler number (for real dimensions) converges to the Golden Mean. Therefore in the asymptotic limit we have by looking at the last entries of our tables and at the limit of formula (4) In this asymptotic limit the departure bewteen the ζ(dim E (∞) ) and the Euler number is the greatest.
On a plausible Violation of the Riemann Conjecture???
We get approximate numbers but not exact. This has a simple explanation. The zeta function for real values of s lying bewteen 0, 1: the zeta function evaluated at real values of s = φ, φ 2 , φ 3 , ... is a slowly decreasing function while the Euler number oscillates.
What can we do? The most natural thing is to evaluate the zeta function at complex dimensions and check whether a perfect matching occurs. By a twist of fate, it is in this fashion how we we will encounter these plausible non-trivial complex zeroes which could disprove the Riemann Conjecture ! Start now with complex-valued dimensions:
where: Let us foliate this critical strip (between φ and φ 2 ) by an infinite family of horizontal lines passing throuch each single one of the imaginary parts of the critical zeroes: the horizontal lines at ±iν will do the job. The critical strip is comprised of the two vertical lines in the complex-dimension-plane which are symmetrically distributed with respect the critical line:
is evaluated now for a particular family of complex dimensions of the spaces given by the triple cycle intersections of
(15) This will furnish precisely the algorithm to find these plausible non-critical complex zeroes that may violate The Riemann conjecture.
One must also add the complex conjugates. What we will do is to perform the explicit computer search for the plausible violations of the Riemman conjecture. Performing a sample computer run over the first 30 (later we tried up to 100) zeroes of zeta we encounter an astounding result: We find numerical evidence for unnown non-trivial complex zeroes of ζ(s) = 0 which are not of the form s = 1 2 ± iν; ν > 0.. Therefore, based on this numerical evidence we are forced to conclude: It is plausible that these values are truly nontrivial complex zeroes violating the Riemann Conjecture So we can see in black and white in our tables below, that the zeta function evaluated at the complex dimensions of the triple intersections of the basic cycles: S 0 , S 1 , S −1 , generate a natural algorithm to find nontrivial complex zeroes which don't belong to the critical strip: Re s = 1/2. Table 1a k label the zeroes in the critical line. ν k are the imaginary parts of the zeroes in the critical line. dim E (s) is the complex dimension of the space resulting from the intersection of 3 cycles. ζ(dim E (s) ) is the zeta function evaluated at such complex dimensions.
TABLES with the fundamental Results
For the mathematica users we give examples of the commands to generate the following Table 2a The same as Table 1a but the powers of the golden mean are φ j , for j = 0, −1, −2. Table 1b The same as Table 1a , with calculations made internally with precision of 40 decimal places. Note the huge discrepancy when k ≥ 3. Table 2b The same as Table 2a , with calculations made internally with precision of 40 decimal places. Note the huge discrepancy when k = 6.
Concluding remarks Based on this numerical exercise, spurious zeroes were found when the precision is up to 16 decimal places. Upon a closer scrutiny to 40 decimal places, a huge discrepancy was found. The only change in our code consisted in replacing the value of the Golden Mean N[5.ˆ(1./2.)/2.-1./2.,40] by N[5ˆ(1/2)/2-1/2,40].
The explanation of this discrepancy is due to two internal bugs of the Mathematica package, the first consisting of giving as zero a quantity whis is huge, without any warning, and the second in evaluating N[5.ˆ(1./2.)/2.-1./2.,40] up to 16 decimal places only instead of 40 as it should!.
Nevertheless we urge a rigorous analytical investigation of the behavior of the zeta function at the following complex points (complex dimensions) to test the validity of the Riemann Conjecture: s = (1 ± iν)(φ ± iν)(φ 2 ± iν). ν = Imaginary {s |ζ(s) = 0}. s = (1 ± iν)( 1 φ ± iν)( 1 φ 2 ± iν). ν = Imaginary {s |ζ(s) = 0}.
On a closing note, we honestly feel that Theoretical Physics in the next century may dwell on the following partial list:
The New Relativity Theory ↔ Fractal p-branes in Cantorian Spacetime ↔ Irrational Conformal Field Theory ↔ Number Theory ↔ Noncommutative (Nonassociative) Geometry ↔ Quantum Chaos (Quantum Computing) ↔ Quantum Groups ↔ p-Adic Quantum Mechanics.
